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ON BLOW-UP PROFILE OF GROUND STATES OF BOSON
STARS WITH EXTERNAL POTENTIAL
DINH-THI NGUYEN
Abstract. We study minimizers of the pseudo-relativistic Hartree functional
Ea(u) := ‖(−∆+m2)1/4u‖2L2−
a
2
∫
R3
(|·|−1⋆|u|2)(x)|u(x)|2dx+
∫
R3
V (x)|u(x)|2dx
under the mass constraint
∫
R3
|u(x)|2dx = 1. Here m > 0 is the mass of parti-
cles and V ≥ 0 is an external potential. We prove that minimizers exist if and
only if a satisfies 0 ≤ a < a∗, and there is no minimizer if a ≥ a∗, where a∗ is
called the Chandrasekhar limit. When a approaches a∗ from below, the blow-
up behavior of minimizers is derived under some general external potentials
V . Here we consider three cases of V : trapping potential, i.e. V ∈ L∞
loc
(R3)
satisfies lim|x|→∞ V (x) = ∞; periodic potential, i.e. V ∈ C(R
3) stisfies
V (x+z) = V (x) for all z ∈ Z3; and ring-shaped potential, e.g. V (x) = ||x|−1|p
for some p > 0.
1. Introduction
In this paper, we study the variational problem
I(a) := inf
{
Ea(u) : u ∈ H1/2(R3), ‖u‖2L2 = 1
}
(1.1)
where Ea is the energy functional of a boson star, given by
Ea(u) := ‖(−∆+m2)1/4u‖2L2 +
∫
R3
V (x)|u(x)|2dx− a
2
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy
(1.2)
Here the pseudo-differential operator
√−∆+m2 is defined as usual via Fourier
transform, i.e.
‖(−∆+m2)1/4u‖2L2 =
∫
R3
√
|ξ|2 +m2 |û(ξ)|2 dξ.
In the physical context of boson star, the parameter m > 0 is the mass of particles.
The function V ≥ 0 stands for an external potential, which will be assumed to be
trapping (i.e. V (x) →∞ as |x| → ∞) or periodic (the case V = 0 is also allowed).
The coupling constant a > 0 describes the strength of the attractive interaction.
The functional Ea effectively describes the energy per particle of a boson star.
The derivation of this functional from many-body quantum theory can be found
in [14, 12]. In this context, we can interpret a = gN where g is the gravitational
constant and N is the number of particle in the star. It is a fundamental fact that
the boson star collapses when N is larger than a critical number, often called the
Chandrasekhar limit. In the effective model (1.1), the collapse simply boils down
to the fact that I(a) = −∞ if a is larger than a critical value a∗.
From the simple inequality
√
−∆ ≤
√
−∆+m2 ≤
√
−∆+m
1
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and a standard scaling argument, we can see that the critical a∗ is independent of
m and V . Indeed, it is the optimal constant in the interpolation inequality
‖(−∆)1/4u‖2L2‖u‖2L2 ≥
a∗
2
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy, ∀u ∈ H
1/2(R3). (1.3)
It is well-known (see e.g, [14, 9, 11]) that the inequality (1.3) has an optimizer
Q ∈ H1/2(R3) which can be chosen to be positive radially symmetric decreasing
and satisfy
‖(−∆)1/4Q‖L2 = ‖Q‖L2 =
a∗
2
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy = 1. (1.4)
Moreover, Q solves the nonlinear equation
√−∆Q+Q− a∗(|·|−1 ⋆ |Q|2)Q = 0, Q ∈ H1/2(R3) (1.5)
and it satisfies the decay property (see [4])
Q(x) ≤ C(1 + |x|)−4, (|·|−1 ⋆ |Q|2)(x) ≤ C(1 + |x|)−1. (1.6)
The uniqueness (up to translation and dilation) of the optimizer for (1.3), as well
as the uniqueness (up to translation) of the positive solution to the equation (1.5), is
an open problem (see [14] for related discussions). In the following, we denote by G
the set of all positive radially symmetric decreasing functions satisfying (1.4)-(1.5).
G = {all positive radial decreasing functions satisfying (1.4)− (1.5)}. (1.7)
In the present paper, we will analyze the existence and the blow-up profile of the
minimizers for the variational problem I(a) in (1.1) when aր a∗.
Our first result is
Theorem 1 (Existence and nonexistence of minimizers). Assume that m > 0 and
V satisfies one of the two conditions:
(V1) (Trapping potentials) 0 ≤ V ∈ L∞loc(R3) and lim|x|→∞ V (x) =∞; or
(V2) (Periodic potentials) 0 ≤ V ∈ C(R3), V (x+ z) = V (x) for all z ∈ Z3.
Then the following statements hold true:
(i) If a > a∗, then I(a) = −∞.
(ii) If a = a∗, then I(a∗) = infx∈R3 V (x), but it has no minimizer.
(iii) If 0 ≤ a < a∗, then I(a) > 0 and it has at least one minimizer. Moreover
lim
aրa∗
I(a) = I(a∗) = inf V.
In case V = 0, the result is well-known (see [14, 5]). Otherwise, the proof
of the existence for trapping potentials is based on the direct method of calcu-
lus. The existence for periodic potentials is more involved and we have to use the
concentration-compactness argument [17] to deal with the lack of compactness.
Note that we can restrict the minimization problem I(a) to non-negative func-
tions u since Ea(u) ≥ Ea(|u|) for any u ∈ H1(R3). This follows from the fact that
‖(−∆ + m2)1/4|u|‖L2 ≤ ‖(−∆ + m2)1/4u‖L2 (see [13, Theorem 7.13]). In par-
ticular, the minimizer of I(a), when it exists, can be chosen to be non-negative.
Furthermore, when V is radial increasing, one can actually restrict the minimiza-
tion problem I(a) to radial decreasing functions, by rearrangement inequalities (see
[13, Chapter 3]).
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Our next results concern the behavior of the minimizer u of I(a) as aր a∗. We
will show that u blows up and its blow-up profile is given by a function Q in G. Of
course, this blow-up process depends crucially on the local behavior of V close to its
minimizers. We will consider three cases: trapping potentials growing polynomially
around its minimizers, periodic potentials, and ring-shaped potentials. The choices
of potentials are inspired by the recent studies on the 2D focusing Gross-Pitaevskii
in [6, 19, 8].
First, we are interested to the case when V is a trapping potential which behaves
polynomially close to its minima. We assume that V ≥ 0, V −1(0) = {xi}ni=1 ⊂ R3
and there exist constants pi > 0, κi > 0 such that
lim
x→xi
V (x)
|x− xi|pi = κi, ∀i = 1, 2, . . . , n. (1.8)
Let p = max{pi : 1 ≤ i ≤ n}, κ = min{κi : pi = p}, and let
Z := {xi : pi = p and κi = κ}
denote the locations of the flattest global minima of V (x). In this case, the blow-up
profile is given in the following
Theorem 2 (Blow-up for trapping potentials with finite minimizers). Let V satisfy
(V1) in Theorem 1 and the assumption (1.8). Let ua be a non-negative minimizer
of I(a) in (1.1) for 0 ≤ a < a∗. Then for every sequence {ak} with ak ր a∗ as
k → ∞, there exist a subsequence (still denoted by {ak} for simplicity) and an
element Q ∈ G in (1.7) such that the following strong convergences hold true in
H1/2(R3).
• If p ≤ 1, then there exists an x0 ∈ Z such that
lim
k→∞
(a∗ − ak)
3
2(p+1) uak
(
x0 + x (a
∗ − ak)
1
p+1
)
= λ
3
2Q (λx) (1.9)
where
λ = inf
W∈G
(
a∗pκ
∫
R3
|x|p |W (x)|2 dx
) 1
p+1
=
(
a∗pκ
∫
R3
|x|p |Q(x)|2 dx
) 1
p+1
if 0 < p < 1, and
λ = inf
W∈G
(
m2a∗
2
‖(−∆)−1/4W‖2L2 + a∗κ
∫
R3
|x| |W (x)|2 dx
) 1
2
=
(
m2a∗
2
‖(−∆)−1/4Q‖2L2 + a∗κ
∫
R3
|x| |Q(x)|2 dx
) 1
2
, if p = 1.
• If p > 1, then there exists a sequence {yk} ⊂ R3 such that
lim
k→∞
(a∗ − ak)
3
4 uak
(
yk + x (a
∗ − ak)
1
2
)
= λ
3
2Q (λx) (1.10)
where
λ = m
√
a∗
2
inf
W∈G
‖(−∆)−1/4W‖L2 = m
√
a∗
2
‖(−∆)−1/4Q‖L2.
The statement of Theorem 2 looks a bit technical but the main idea is simple.
Heuristically, if the minimizer u collapse at a length L→ 0 around x0, namely
L3/2u(x0 + Lx) ≈ Q(x),
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then by using the formal approximation (cf. (2.3))√
−∆+m2 ≈
√
−∆+ m
2
2
√−∆
and the assumption that V (x) ≈ κ|x− x0|p around x0 we have
Ea(u) ≈ 1
L
(
1− a
a∗
)
+ L
m2
2
‖(−∆)−1/4Q‖2L2 + Lpκ
∫
R3
|x|p|Q(x)|2dx. (1.11)
Then the result in Theorem 2 essentially follows by obtimizing over L > 0 on the
right side of (1.11) (see estimations (3.12)-(3.15) in the proof for more details). In
this way, we also obtain the asymptotic behavior of the ground state energy
lim
aրa∗
I(a)
(a∗ − a) qq+1
=
q + 1
q
· λ
a∗
, with q = min{p, 1}. (1.12)
In the case V = 0, the blow-up profile of minimizers of I(a) has been studied in
[7, 18]. Indeed, this case can be interpreted as a special case of (1.10) with p =∞.
The convergence (1.9) for power 0 < p < 1 has been also proved in a recent,
independent work of Yang-Yang [20]. Our proof is somewhat simpler than that in
[20] and we obtain the convergence in H1/2(R3) instead of L2(R3). Moreover, we
are able to deal with the full range p > 0, which is interesting since the blow-up
speed changes when p ≥ 1.
To analyze the detailed behavior of minimizers of I(a), delicate estimates on
kinetic energy and potential energy are required. When p > 1 we lose information
about the sequence yk in (1.10), since V has no impact to the leading order of
I(a). However, if V is strictly radial increasing, for example V (x) = |x|p, then the
minimizers must be radial decreasing and hence we can choose yk = 0.
Next, we come to the cases of periodic and ring-shaped potentials.
Theorem 3 (Blow-up for periodic potentials). Let V satisfy (V2) in Theorem 1.
Assume further that V −1(0) = x0 + Z
3 for some x0 ∈ [0, 1]3 and there exist p > 0,
κ > 0 such that
lim
x→x0
V (x)
|x− x0|p = κ > 0.
Let ua be a non-negative minimizer of I(a) in (1.1) for 0 ≤ a < a∗. Then for
every sequence {ak} with ak ր a∗ as k → ∞, there exist a subsequence of {ak}
(still denoted by {ak} for simplicity) and an element Q ∈ G in (1.7) such that the
following strong convergences hold true in H1/2(R3).
• If p ≤ 1, then there exists a sequence {zk} ⊂ Z3 such that
lim
k→∞
(a∗ − ak)
3
2(p+1) uak
(
x0 + zk + x (a
∗ − ak)
1
p+1
)
= λ
3
2Q (λx)
where λ is defined as in (1.9).
• If p > 1, then there exists a sequence {yk} ⊂ R3 such that
lim
k→∞
(a∗ − ak)
3
4 uak
(
yk + x (a
∗ − ak)
1
2
)
= λ
3
2Q (λx)
where λ is defined as in (1.10).
Theorem 4 (Blow-up for trapping ring-shaped potentials). Let V (x) = ||x| − 1|p
for some p > 0. Let ua be a non-negative minimizer of I(a) in (1.1) for 0 ≤ a < a∗.
Then for every sequence {ak} with ak ր a∗ as k → ∞, there exist a subsequence
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of {ak} (still denoted by {ak} for simplicity) and an element Q ∈ G in (1.7) such
that the following strong convergences hold true in H1/2(R3).
• If 0 < p ≤ 1, then there exists a sequence {xk} ⊂ R3, |xk| → 1 such that
lim
k→∞
(a∗ − ak)
3
2(p+1) uak
(
xk + x (a
∗ − ak)
1
p+1
)
= λ
3
2Q (λx) (1.13)
where
λ = inf
W∈G
(
pa∗
∫
R3
|x0 · x|p |W (x)|2 dx
) 1
p+1
=
(
pa∗
∫
R3
|x0 · x|p |Q(x)|2 dx
) 1
p+1
if 0 < p < 1 and
λ = inf
W∈G
(
m2a∗
2
‖(−∆)−1/4W‖2L2 + a∗
∫
R3
|x0 · x| |W (x)|2 dx
) 1
2
=
(
m2a∗
2
‖(−∆)−1/4Q‖2L2 + a∗
∫
R3
|x0 · x| |Q(x)|2 dx
) 1
2
if p = 1.
• If p > 1, then there exists a sequence {yk} ⊂ R3 such that
lim
k→∞
(a∗ − ak)
3
4 uak
(
yk + x (a
∗ − ak)
1
2
)
= λ
3
2Q (λx)
where λ is defined as in (1.10).
These cases of periodic and ring-shaped potentials are interesting because the
potentials have infinitely many minimizers. Consequently, the variational problem
I(a) in (1.1) might have infinitely many minimizers. Moreover, in the case of ring-
shaped potentials, although the energy functional Ea(u) is invariant under rotations,
its minimizers might be not radially symmetric when aր a∗. Indeed, (1.13) shows
that the minimizer uak is not radially symmetric because it concentrates around a
point in the unit sphere. This implies that symmetry breaking occurs.
Organization of the paper. In Section 2 we prove the existence and non-
existence of minimizers of I(a) in (1.1). In Section 3, we will give the proof of
Theorem 2, 3 and 4 which give the blow-up profiles of minimizers of I(a).
2. Proof of existence and non-existence of minimizer
In this section, we prove Theorem 1. We assume without loss of generality that
infx∈R3 V (x) = 0.
For 0 ≤ a < a∗, let {uk} be a minimizing sequence for I(a), i.e.,
lim
k→∞
Ea(uk) = I(a), with {uk} ∈ H1/2(R3) and ‖uk‖2L2 = 1 for all k ≥ 0.
We observe from (1.3) that
Ea(uk) ≥
(
1− a
a∗
)
‖(−∆)1/4uk‖2L2 +
∫
R3
V (x) |uk(x)|2 dx. (2.1)
Thus I(a) > −∞ and {uk} is a bounded sequence in H1/2(R3). Hence, extracting
a subsequence if necessary, we assume that uk ⇀ u weakly in H
1/2(R3) and uk → u
a.e. in R3. Moreover we have uk → u strongly in Lrloc(R3) for 2 ≤ r < 3, thanks to
a Rellich-type theorem for H1/2(R3) (see, e.g, [13, Theorem 8.6]).
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2.1. Existence of minimizers in the case of a trapping potential. We first
consider V be trapping potential, that means V satisfies (V1).
Lemma 5. Suppose V ∈ L∞loc
(
R
3
)
with V (x) → ∞ as |x| → ∞. If {uk} is a
bounded sequence in H1/2(R3) and satisfies that
∫
R3
V (x) |uk(x)|2 dx ≤ C, then
uk → u strongly in Lr(R3) for 2 ≤ r < 3.
Proof. A similar proof to this Lemma can be found in [1]. 
From (2.1), we see that
∫
R3
V (x) |uk(x)|2 dx is uniformly bounded in k. By
Lemma 5 and extracting a subsequence if necessary, we have uk → u strongly in
Lr(R3) for 2 ≤ r < 3. We conclude that ‖u‖2L2 = 1. By the Hardy-Littlewood-
Sobolev inequality (see, e.g, [13, Theorem 4.3]) we have
lim
k→∞
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy =
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy.
Thus, by weak lower semicontinuity we have
I(a) = lim
k→∞
Ea (uk) ≥ Ea(u) ≥ I(a)
which show that Ea(u) = I(a). This implies the existence of minimizers of (1.1)
for any 0 ≤ a < a∗. At the same time, by ‖u‖2L2 = 1 and (2.1), we also have that
I(a) > 0.
To prove that there is no minimizer for (1.1) as soon as a ≥ a∗, we proceed
as follow. Let Q ∈ G in (1.7). Choose 0 ≤ χ ≤ 1 be a fixed smooth funtion
in R3 such that χ ≡ 1 for |x| < 1 and χ ≡ 0 for |x| ≥ 2. For R, τ > 0 and
x0 ∈ R3 satisfies V (x0) = infx∈R3 V (x) = 0, we define the functions χR(x) = χ
(
x
R
)
,
ζR(x) =
√
1− χR(x)2 and the trial state
uR,τ (x) = AR,τ τ
3/2χR (x− x0)Q (τ (x− x0)) (2.2)
where AR,τ is chosen so that ‖uR,τ‖2L2 = 1 as τ → ∞. In fact, by algebraic decay
rate of Q in (1.6) we have
1
A2R,τ
=
∫
R3
χRτ (x)
2 |Q(x)|2 dx = 1 + o(1)Rτ→∞,
where o(1)Rτ→∞ means a quantity that converges to 0 as Rτ →∞. In the following
we could set R = 1, for instance.
We have the operator inequality
m2
2
√−∆+m2 ≤
√
−∆+m2 −
√
−∆ = m
2
√−∆+m2 +√−∆ ≤
m2
2
√−∆ , (2.3)
with notice that
‖(−∆)−1/4uR,τ‖2L2 =
A2R,τ
τ
‖(−∆)−1/4χRτQ‖2L2 ≤
1
τ
‖(−∆)−1/4Q‖2L2 + o(1)Rτ→∞.
By the IMS-type localization formulas (see e.g, [10, 15]) we have
‖(−∆)1/4χRτQ‖2L2 + ‖(−∆)1/4ζRτQ‖2L2 ≤ ‖(−∆)1/4Q‖2L2 +
C
(Rτ)2
,
which implies that
‖(−∆)1/4uR,τ‖2L2 = A2R,τ τ‖(−∆)1/4χRτQ‖2L2 ≤ τ + o(1)Rτ→∞.
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On the other hand, we have∫∫
R3×R3
χRτ (x)
2χRτ (y)
2 |Q(x)|2 |Q(y)|2
|x− y| dxdy
≥
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy − 2
∫∫
R3×R3
ζRτ (x)
2 |Q(x)|2 |Q(y)|2
|x− y| dxdy
=
2
a∗
+ o(1)Rτ→∞,
because of decay rate of Q(x) and (|·|−1 ⋆ |Q|2)(x) in (1.6). This implies that∫∫
R3×R3
|uR,τ (x)|2 |uR,τ (y)|2
|x− y| dxdy
= A4R,τ τ
∫∫
R3×R3
χRτ (x)
2χRτ (y)
2 |Q(x)|2 |Q(y)|2
|x− y| dxdy ≥
2τ
a∗
+ o(1)Rτ→∞.
Moreover, since V (x)χRτ (x−x0)2 is bounded and has compact support, we have∫
R3
V (x) |uR,τ (x)|2 dx = V (x0) + o(1)Rτ→∞ = o(1)Rτ→∞. (2.4)
Thus, we have proved that
Ea (uR,τ ) ≤ τ
(
1− a
a∗
)
+
m2
2τ
‖(−∆)−1/4Q‖2L2 + o(1)Rτ→∞. (2.5)
Now, we are able to prove the non-existence of minimizer of I(a) when a ≥ a∗.
For a = a∗, it follows from (2.1) and (2.5) that
0 ≤ I(a∗) ≤ lim
τ→∞
Ea∗ (uR,τ ) = 0.
Thus I(a∗) = 0. To prove that there does not exist a minimizer for I(a) with a = a∗,
we argue by contradiction as follows. We suppose that u ∈ H1/2(R3) is a minimizer
for I(a) with a = a∗. It follows from the strict inequality ‖(−∆ +m2)1/4u‖L2 >
‖(−∆)1/4u‖L2 that
0 = Ea∗(u)|m>0 > Ea∗(u)|m=0 ≥ 0,
which is a contradiction. Hence no minimizer exists for I(a) if a = a∗.
For a > a∗, it follows from (2.5) that
I(a) ≤ lim
τ→∞
Ea (uR,τ ) = −∞.
This implies that I(a) is unbounded from below for any a > a∗, and hence the
non-existence of minimizers is therefore proved.
It remains to prove lima→a∗ I(a) = 0. This follows easily from (2.5), by first
taking a→ a∗, followed by τ →∞.
2.2. Existence of minimizers in the case of a periodic potential. We now
consider V be periodic potential, that means V satisfies (V2). This case is harder
than the previous one, and we will need to use the concentration-compactness
argument [17].
The non-existence of minimizer of I(a) follows from the same argument of non-
existence part in Section 2.1. To deal with the existence of minimizer of I(a) when
0 ≤ a < a∗, we will need some priliminary results.
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Let
Ic(a) = inf
{
Ea(u) : u ∈ H1/2(R3), ‖u‖2L2 = c
}
,
we note that I(a) = I1(a).
Lemma 6. Ic(a) is uniformly continuous with respect to c ∈ (0, 1).
Proof. By a simple scaling we have Ic(a) = cI(ac). We remark that
I(ac) = inf{linear functions in c}
has to be a concave function with respect to c. Therefore it follows that Ic(a) is a
concave function with respect to c. Thus Ic(a) is uniformly continuous with respect
to c ∈ (0, 1). 
Lemma 7. For any 0 < a < a∗ and 0 < λ < 1, we have
I(a) < Iλ(a) + I1−λ(a). (2.6)
Proof. We show that for any 1 < θ ≤ 1δ and δ ∈ (0, 1) then Iθδ(a) ≤ θIδ(a). Indeed,
Iθδ(a) = inf
‖u‖2
L2
=θδ
Ea(u) = inf
‖u‖2
L2
=δ
Ea
(
θ
1
2u
)
= inf
‖u‖2
L2
=δ
{
θEa(u) + θ − θ
2
2
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy
}
< θIδ(a).
Thus, by an argument presented in [17, Lemma II.1], this inequality leads to the
strict subadditivity condition (2.6). 
Lemma 8. Let 2 < r <∞ and let uk, u be functions in R3 such that uk(x) → u(x)
a.e. in R3, supk ‖uk‖Lr <∞ and
sup
k
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy <∞,
then∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy =
∫∫
R3×R3
|uk(x)− u(x)|2 |uk(y)− u(y)|2
|x− y| dxdy
+
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy + o(1).
Proof. The proof of this Lemma can be found in [2, Lemma 2.2]. 
Now, we claim that there exists a sequence {yk} ⊂ R3 and a postitive constant
R0 such that
lim inf
k→∞
∫
B(yk,R0)
|uk(x)|2 dx > 0. (2.7)
On the contrary, we assume that for any R > 0 there exists a subsequence of {ak},
still denoted by {ak}, such that
lim
k→∞
sup
y∈R3
∫
B(y,R)
|uk(x)|2 dx = 0. (2.8)
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It follows from [11, Lemma 9] that limk→∞ ‖uk‖Lq = 0 for any 2 ≤ q < 3. By the
Hardy-Littlewood-Sobolev inequality we have∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy → 0. (2.9)
It follows from (2.9) that
0 < m ≤ ‖(−∆+m2)1/4uk‖2L2 +
∫
R3
V (x) |uk|2 dx
= Ea(uk) + a
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy → I(a).
This is impossible since I(a) ≤ C(a∗ − a) qq+1 which close to 0 as a closes to a∗.
We refer to (3.29) for the proof of this upper bound of I(a). Here C is positive
constant, and q = min{p, 1}.
Thus, (2.8) does not occurs, and hence (2.7) holds true. For all k ∈ N, we can
choose {zk} ⊂ Z3 such that yk − zk ∈ [0, 1]3, then we have |yk − zk| ≤ 2 for any
k. Setting u˜k(x) = uk(x + zk), we then have {u˜k} is bounded in H1/2(R3) and
‖u˜k‖L2 = ‖uk‖L2 = 1. Hence, extracting a subsequence if necessary, we assume
that u˜k ⇀ u˜ weakly in H
1/2(R3) and u˜k → u˜ a.e. in R3. Moreover we have u˜k → u˜
strongly in Lrloc(R
3) for 2 ≤ r < 3. Thus we deduce from (2.7) that∫
B(0,R0+2)
|u˜(x)|2 dx = lim
k→∞
∫
B(0,R0+2)
|u˜k(x)|2 dx
= lim
k→∞
∫
B(zk,R0+2)
|uk(x)|2 dx ≥ lim
k→∞
∫
B(yk,R0)
|uk(x)|2 dx > 0.
This implies that u˜ 6≡ 0, and hence 0 < ‖u˜‖2L2 := α ≤ 1. We suppose that α < 1.
It follows from the Brezis-Lieb refinement of Fatou’s Lemma (see, e.g, [3, 13]) that
lim
k→∞
‖u˜k − u˜‖2L2 = lim
k→∞
‖u˜k‖2L2 − ‖u˜‖2L2 = 1− α.
Since u˜k ⇀ u˜ weakly in H
1/2(R3) we have 〈u˜k − u˜, u˜〉H1/2 → 0. Furthermore, by
the periodicity of V we have Ea(u˜k) = Ea(uk). Thus we deduce from Lemma 6 and
8 that
I(a) = lim
k→∞
Ea(u˜k) ≥ lim inf
k→∞
Ea(u˜k − u˜) + Ea(u˜) ≥ I1−α(a) + Iα(a),
which contradicts (2.6). Hence ‖u˜‖2L2 = 1. By the same argument of proof of
existence part in Section 2.1, we can show that u˜ is a minimizer of I(a).
3. Behavior of Minimizers
We have proved in Theorem 1 that I(a) has minimizers when 0 ≤ a < a∗. In this
section, we prove the blow-up profiles of minimizers of I(a), which are presented in
Theorem 2, 3 and 4.
Let ak ր a∗ as k →∞ and let uk := uak be a non-negative minimizer for I(ak).
Such uk solves the Euler-Lagrange equation√
−∆+m2uk(x) + V (x)uk(x) = µkuk(x) + ak
(
|·|−1 ⋆ |uk|2
)
(x)uk(x),
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where µk ∈ R be a suitable Lagrange multiplier. In fact,
µk = I(ak)− ak
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy. (3.1)
In the following lemma, we will show that the compactness follows when the
Euler-Lagrange multiplier stays away from 0. This is a classical idea, which goes
back to Lions [16].
Lemma 9. For any sequence {zk} ⊂ R3, and ǫk > 0 such that ǫk → 0 as k →∞,
let wk(x) := ǫ
3/2
k uk(ǫkx+ zk) be L
2–normalized of uk. Assume that wk is bounded
in H1/2(R3) and ǫkµk → −λ < 0 as k → ∞. Then there exists a non-negative
w ∈ H1/2(R3) such that wk → w strongly in H1/2(R3). Moreover if w > 0 then,
up to translations, we have
w(x) = λ3/2Q(λx)
where Q ∈ G in (1.7).
Proof. We see that wk is a non-negative solution of√
−∆+m2ǫ2kwk(x)+ ǫkV (ǫkx+zk)wk(x) = ǫkµkwk(x)+ak (|·|−1 ⋆ |wk|2)(x)wk(x).
(3.2)
Since {wk} is bounded in H1/2(R3), extracting a subsequence if necessary, we
assume that wk ⇀ w weakly in H
1/2(R3) and wk → w a.e. in R3. Passing (3.2) to
weak limit, we have w be non-negative solution to
√−∆w(x) = −λw(x) + a∗
(
|·|−1 ⋆ |w|2
)
(x)w(x).
By a simple scaling we see that
Q(x) = λ−3/2w(λ−1x)
is a non-negative solution of (1.5). It is well-known that the kernel of the resolvent
((−∆)1/2 + 1)−1 is positive everywhere in R3 (see [9, eq. (A.11)]). Hence, from
(1.5) we obtain that either Q ≡ 0 or Q > 0 in R3.
In the latter case, we prove that Q ∈ G. First, since Q is a positive solution
of (1.5), it follows from [4, Theorem 1.1] that Q is positive radially symmetric
decreasing up to translation. It remains to prove that Q satisfies (1.4). Indeed, by
the same reason that Q is a solution of (1.5), we have
‖(−∆)1/4Q‖2L2 + ‖Q‖2L2 = a∗
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy. (3.3)
Thus, by (1.3) and the Cauchy-Schwarz inequality we have
1 ≤ 2‖(−∆)
1/4Q‖2L2‖Q‖2L2
a∗
∫∫
R3×R3
|Q(x)|2|Q(y)|2
|x−y| dxdy
≤ a
∗
2
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy. (3.4)
Let S be in G, then we have
1 = ‖S‖2L2 = ‖(−∆)1/4S‖2L2 =
a∗
2
∫∫
R3×R3
|S(x)|2 |S(y)|2
|x− y| dxdy.
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We define s(x) =
(
λ
ǫk
)3/2
S
(
λ
ǫk
x
)
. Then we have ‖s‖2L2 = ‖S‖2L2 = 1 and
ǫkEak(s) = λ
(
‖ (−∆+m2ǫ2kλ−2)1/4 S‖2L2 − ak2
∫∫
R3×R3
|S(x)|2 |S(y)|2
|x− y| dxdy
)
+ ǫk
∫
R3
V
( ǫk
λ
x
)
|S(x)|2 dx
≤ λ
(
1− ak
a∗
)
+
m2ǫ2k
2λ
‖(−∆)−1/4S‖2L2 + ǫk
∫
R3
V
( ǫk
λ
x
)
|S(x)|2 dx,
where we have used (1.3) and (2.3) for the term in the brakets.
On the other hand, since wk satisfies (3.2) we have
ǫkEak(uk) = ‖(−∆+m2ǫ2k)1/4wk‖2L2 + ǫk
∫
R3
V (ǫkx+ z)wk(x)
2dx
− ak
2
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy
= ǫkµk
∫
R3
|wk(x)|2 dx+ ak
2
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy,
By assumption that uk is a minimizer of I(ak), we have Eak(uk) ≤ Eak(s) and hence
lim inf
k→∞
ǫkEak(uk) ≤ lim inf
k→∞
ǫkEak(s).
From the above estimates and by Fatou’s Lemma we deduce that
a∗
2
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy =
a∗
2λ
∫∫
R3×R3
|w(x)|2 |w(y)|2
|x− y| dxdy
≤ lim inf
k→∞
ak
2λ
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy ≤ 1.
This inequality together with (3.3) and (3.4), imply that
1 =
a∗
2
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy = ‖(−∆)
1/4Q‖2L2 = ‖Q‖2L2.
Thus we have proved that Q ∈ G.
We note that ‖w‖L2 = ‖Q‖L2 = 1. From the norm preservation, we conclude
that wk → w strongly in L2(R3). In fact, wk → w strongly in Lr(R3) for 2 ≤ r < 3
because of H1/2(R3) boundedness. By the Hardy-Littlewood-Sobolev inequality we
have
lim
k→∞
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy =
∫∫
R3×R3
|w(x)|2 |w(y)|2
|x− y| dxdy.
We deduce from this convergence and the inequality
ǫkEak(ǫ−3/2k wk(ǫ−1k x− ǫ−1k zk)) = ǫkEak(uk) ≤ ǫkEak(ǫ−3/2k w(ǫ−1k x))
that
lim sup
k→∞
‖(−∆)1/4wk‖2L2 ≤ lim sup
k→∞
‖(−∆+m2ǫ2k)1/4wk‖2L2
≤ lim sup
k→∞
‖(−∆+m2ǫ2k)1/4w‖2L2 = ‖(−∆)1/4w‖2L2 .
BLOW-UP PROFILE OF GROUND STATES OF BOSON STARS 12
On the other hand, since wk ⇀ w weakly in H
1/2(R3), by Fatou’s Lemma we have
lim inf
k→∞
‖(−∆)1/4wk‖2L2 ≥ ‖(−∆)1/4w‖2L2 .
Therefore we have proved that
lim
k→∞
‖(−∆)1/4wk‖2L2 = ‖(−∆)1/4w‖2L2 ,
which implies that wk → w strongly in H1/2(R3). 
3.1. Proof of Theorem 2. Let p = max1≤i≤n pi and we define q = min{p, 1}.
Lemma 10. There exist positive constants M1 < M2 independent of ak such that
M1(a
∗ − ak)
q
q+1 ≤ I(ak) ≤M2(a∗ − ak)
q
q+1 . (3.5)
Proof. Since I(ak) is decreasing and uniformly bounded for 0 ≤ ak ≤ a∗, it suffices
to consider the case when ak is close to a
∗. We start with proof of the upper bound
in (3.5). We proceed similarly to the proof of Theorem 1, and use a trial state
of the form (2.2). Picking x0 ∈ V −1(0), we can choose R small enough such that
V (x) ≤ C |x− x0|p for |x− x0| ≤ R, in which case we have∫
R3
V (x) |uR,τ (x)|2 ≤ C 1
τp
A2R,τ
∫
R3
|x|p |Q(x)|2 dx.
We obtain that, for τ large,
I(ak) ≤ τ(a
∗ − ak)
a∗
+
m2
2τ
‖(−∆)−1/4Q‖2L2+C
1
τp
A2R,τ
∫
R3
|x|p |Q(x)|2 dx+o(1)τ→∞.
• If 0 < p ≤ 1, by taking τ = (a∗ − ak)−
1
p+1 we arrive at the desired upper
bound.
• If p > 1, we choose s = min{p, 2}. It follows from decay property of Q
in (1.6) that
∫
R3
|x|s |Q(x)|2 dx < ∞. Since p > s > 1, we have V (x) ≤
C |x− x0|p ≤ C |x− x0|s for |x− x0| ≤ R with R small. Hence∫
R3
V (x) |uR,τ (x)|2 ≤ C 1
τs
A2R,τ
∫
R3
|x|s |Q(x)|2 dx.
The desired upper bound is obtained by taking τ = (a∗ − ak)− 12 .
Next we prove the lower bound in (3.5). We also consider two cases.
• If 0 < p ≤ 1, then q = p. From (1.3) we infer that, for any γ > 0,
I(ak) ≥
∫
R3
V (x) |uk(x)|2 dx+
(
1− ak
a∗
)
‖(−∆)1/4uk‖2L2
≥ γ +
∫
R3
(V (x) − γ) |uk(x)|2 dx+ a
∗ − ak
a∗
S3‖uk‖2L3
≥ γ −
∫
R3
[γ − V (x)]+ |uk(x)|2 dx+
(∫
R3
C(a∗ − ak)3/2 |uk(x)|3
)2/3
where [·]+ = max {0, ·} denotes the positive part and S3 is constant in
Sobolev’s inequality (see e.g, [13, Theorem 8.4]). By Hölder’s inequality we
have∫
R3
[γ − V (x)]+ |uk(x)|2 dx ≤ ‖uk‖2/3L2
(∫
R3
[γ − V (x)]3/2+ |uk(x)|2 dx
)2/3
.
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We deduce from the above estimates, together with two inequalities
A2/3 +B2/3 ≥ (A+B)2/3 , A,B ≥ 0
and
C(a∗ − ak)3/2 |uk(x)|3 +
4 [γ − V (x)]9/2+
27C2(a∗ − ak)3 ≥ [γ − V (x)]
3/2
+ |uk(x)|2 ,
that
I(ak) ≥ γ −
(∫
R3
4 [γ − V (x)]9/2+
27C2(a∗ − ak)3 dx
)2/3
.
For small γ, the set
{
x ∈ R3 : V (x) ≤ γ} is contained in the disjoint
union of n balls of radius at most kγ1/p (for some k > 0), centered at the
minima xi. Moreover, V (x) ≥
(
|x−xi|
k
)p
on these balls. Hence∫
R3
[γ − V (x)]9/2+ dx ≤ n
∫
R3
[
γ −
( |x|
k
)p]9/2
+
dx ≤ Cγ3+ 2p .
Thus we arrive at
Eak(uk) ≥ γ − C
γ3+
2
p
(a∗ − ak)2 .
The lower bound in (3.5) therefore follows from the above estimate by
taking γ to be equal to C(a∗ − ak)
p
p+1 for a suitable constant C > 0.
• If p > 1, then q = 1. From (1.3) and the upper bound of I(ak) in (3.5) we
see that
M2(a
∗ − ak) 12 ≥
(
1− ak
a∗
)
‖(−∆+m2)1/4uk‖2L2 ,
which implies that
‖(−∆+m2)1/4uk‖2L2 ≤M2a∗(a∗ − ak)−
1
2 .
Again it follows from (1.3), (2.3) and Hölder’s inequality that
I(ak) = Eak(uk) ≥
m2
2
‖(−∆+m2)−1/4uk‖2L2 ≥
m2‖uk‖4L2
2‖(−∆+m2)1/4uk‖2L2
≥ m
2‖uk‖4L2
2M2a∗(a∗ − ak)− 12
= M1(a
∗ − ak) 12 .

Lemma 11. There exist positive constants K1 < K2 independent of ak such that
K1(a
∗ − ak)−
1
q+1 ≤
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≤ K2(a
∗ − ak)−
1
q+1 . (3.6)
Proof. The proof of this Lemma follows from Lemma 10 and a similar procedures
as the proof of Lemma 4 in [18]. 
Now we able to prove Theorem 2. We consider two cases.
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Case 1. If 0 < p ≤ 1. Let ǫk := (a∗ − ak)
1
p > 0, we see that ǫk → 0 as k →∞. For
1 ≤ i ≤ n and xi ∈ V −1(0), we define wik(x) := ǫ3/2k uk(ǫkx+ xi) be L2–normalized
of uk. It follows from (2.1) and Lemma 10 that there exists positive constant C
such that ∫
R3
V (x) |uk(x)|2 dx ≤ Cǫpk, ‖(−∆)1/4wik‖2L2 ≤ C. (3.7)
Thus
{
wik
}
is bounded in H1/2(R3), and hence we may assume that wik ⇀ w
i
weakly in H1/2(R3). Extracting a subsequence if necessary, we have wik → wi
strongly in Lrloc(R
3) for any 2 ≤ r < 3.
For ǫk small enough, i.e. for ak close to a
∗, the set
{
x ∈ R3 : V (x) ≤ γǫpk
}
is
contained in n disjoint balls with radius at most Cγ1/pǫk for some C > 0, centered
at the points xi. Thus, for any γ > 0, we have
C
γ
≥ 1
γǫpk
∫
R3
V (x) |uk(x)|2 dx ≥
∫
V (x)≥γǫp
k
|uk(x)|2 dx = 1−
∫
V (x)≤γǫp
k
|uk(x)|2 dx
≥ 1−
n∑
i=1
∫
|x−xi|≤Cγ1/pǫk
|uk(x)|2 dx = 1−
n∑
i=1
∫
|x|≤Cγ1/p
∣∣wik(x)∣∣2 dx
which implies that
1− C
γ
≤
n∑
i=1
∫
|x|≤Cγ1/p
∣∣wik(x)∣∣2 dx ≤ 1.
Since wik → wi strongly in L2loc(R3), the above estimate implies that
1− C
γ
≤
n∑
i=1
∫
|x|≤Cγ1/p
|wi(x)|2dx ≤ 1,
which holds for any γ > 0. Thus we conclude that
n∑
i=1
‖wi‖2L2 = 1 (3.8)
We recall the Lagrange multiplier µk in (3.1). It follows from Lemma 10 and 11
that ǫkµk is bounded uniformly as k →∞, and strictly negative for ak close to a∗.
By passing to a subsequence if necessary, we can thus assume that ǫkµk converges
to some number −λ < 0 as k →∞. Thus, we deduce from Lemma 9 that wik → wi
strongly in H1/2(R3) where either wi ≡ 0 or wi > 0 in R3. In the latter case we
have
wi(x) = λ3/2Q(λx) (3.9)
where Q ∈ G. This implies that ‖wi‖2L2 = 1. Because of (3.8), we see that there
is exactly one wi which is of the form (3.1), while all the others are zero. Let
1 ≤ j ≤ n be such that wj(x) = λ3/2Q(λx). Then we have pj = p = max1≤i≤n pi.
Indeed, if pj < p, by Fatou’s Lemma we have, for any large constant M > 0
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xj)|wjk(x)|2dx ≥
∫
R3
lim
k→∞
ǫ
pj−p
k κj |x|pj
∣∣wj(x)∣∣2 dx
= lim
k→∞
ǫ
pj−p
k κj
1
λpj
∫
R3
|x|pj |Q(x)|2 dx ≥M, (3.10)
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where
κj := lim
x→xj
V (x)
|x− xj |pj > 0.
From (1.3) and the fact that uk = ǫ
−3/2
k w
j
k(ǫ
−1
k x− ǫ−1k xj) is a minimizer of I(ak),
we have
I(ak) =
1
ǫk
(
‖(−∆+m2ǫ2k)1/4wjk‖2L2 −
a∗
2
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy
)
+
a∗ − ak
2ǫk
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy +
∫
R3
V (ǫkx+ xj)|wjk(x)|2dx
≥ C1 a
∗ − ak
ǫk
+Mǫpk ≥ C2M
1
p+1 (a∗ − ak)
p
p+1 . (3.11)
The above lower bound of I(ak) holds true for any 0 < p ≤ 1 and for an arbitrary
large M > 0. This contradicts the upper bound of I(ak) in (3.5). Hence pj = p =
max1≤i≤n pi.
Now we compute the exact value of λ. Since uk = ǫ
−3/2
k w
j
k(ǫ
−1
k x − ǫ−1k xj) is a
minimizer of I(ak) we have
I(ak) =
1
ǫk
(
‖(−∆+m2ǫ2k)1/4wjk‖2L2 −
a∗
2
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy
)
+
a∗ − ak
2ǫk
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy +
∫
R3
V (ǫkx+ xj)|wjk(x)|2dx
≥ m2ǫk‖((−∆+m2ǫ2k)1/2 + (−∆)1/2)−1/2wjk‖2L2 (3.12)
+
ǫqk
2
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy +
∫
R3
V (ǫkx+ xj)|wjk(x)|2dx,
where we have used (1.3) and (2.3) for the term in the brackets.
By Fatou’s Lemma, we have
lim inf
k→∞
‖((−∆+m2ǫ2k)1/2 + (−∆)1/2)−1/2wjk‖2L2
≥ 1
2
‖(−∆)−1/4wj‖2L2 =
1
2λ
‖(−∆)−1/4Q‖2L2. (3.13)
We note that, for any Q ∈ G, by Höder’s inequality we have
‖(−∆)−1/4Q‖L2 ≥
‖Q‖2L2
‖(−∆)1/4Q‖L2
= 1,
which implies that infQ∈G ‖(−∆)−1/4Q‖L2 is well defined.
By the Hardy-Littlewood-Sobolev inequality, we have
lim
k→∞
∫∫
R3×R3
|wjk(x)|2|wjk(y)|2
|x− y| dxdy =
∫∫
R3×R3
∣∣wj(x)∣∣2 ∣∣wj(y)∣∣2
|x− y| dxdy
= λ
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy =
2λ
a∗
. (3.14)
By Fatou’s Lemma and keep in mind that 0 < pj = p ≤ 1, we have
lim inf
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xj)|wjk(x)|2dx ≥ κj
1
λp
∫
R3
|x|p |Q(x)|2 dx. (3.15)
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• If p < 1, then it follows from (3.12), (3.14) and (3.15) that
lim inf
k→∞
I(ak)
ǫpk
≥ 1
a∗
(
λ+
λp+1κ
pλp
)
where
λκ =
(
pa∗κ
∫
R3
|x|p |Q(x)| dx
) 1
p+1
and κ = min{κi : 1 ≤ i ≤ n}.
Thus
lim inf
k→∞
I(ak)
ǫpk
≥ inf
λ˜>0
1
a∗
(
λ˜+
λp+1κ
pλ˜p
)
=
p+ 1
p
· λκ
a∗
. (3.16)
• If p = 1, then it follows from (3.12), (3.13), (3.14) and (3.15) that
lim inf
k→∞
I(ak)
ǫk
≥ 1
a∗
(
λ+
λ2κ
λ
)
where
λκ =
(
m2a∗
2
‖(−∆)−1/4Q‖2L2 + a∗κ
∫
R3
|x| |Q(x)|2 dx
) 1
2
and κ = min{κi : 1 ≤ i ≤ n}.
Thus
lim inf
k→∞
I(ak)
ǫk
≥ inf
λ˜>0
1
a∗
(
λ˜+
λ2κ
λ˜
)
= 2
λκ
a∗
. (3.17)
Now we prove the matching upper bound in (3.16)–(3.17). We take
uk(x) =
(
λ˜
ǫk
)3/2
W
(
λ˜
ǫk
(x− xi)
)
(3.18)
as trial state for Eak , where xi ∈ Z, i.e pi = p, κi = κ, λ˜ > 0 and W ∈ G. We use
(1.3) and (2.3) to obtain
I(ak) ≤ m
2ǫk
2λ˜
‖(−∆)−1/4W‖2L2 +
ǫpkλ˜
a∗
+
∫
R3
V
(
ǫk
λ˜
x+ xi
)
|W (x)|2 dx.
• If p < 1, then we have
lim sup
k→∞
I(ak)
ǫpk
≤ 1
a∗
(
λ˜+
λ˜p+1κ
pλ˜p
)
,
where
λ˜κ =
(
pa∗κ
∫
R3
|x|p |W (x)|2 dx
) 1
p+1
.
Thus, taking the infimum over W ∈ G and λ˜ > 0 we see that
lim sup
k→∞
I(ak)
ǫpk
≤ p+ 1
p
· infW∈G λ˜κ
a∗
≤ p+ 1
p
· λκ
a∗
. (3.19)
• If p = 1, then we have
lim sup
k→∞
I(ak)
ǫk
≤ 1
a∗
(
λ˜+
λ˜2κ
λ˜
)
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where
λ˜κ =
(
m2a∗
2
‖(−∆)−1/4W‖2L2 + a∗κ
∫
R3
|x| |W (x)|2 dx
) 1
2
.
Thus, taking the infimum over W ∈ G and λ˜ > 0 we see that
lim sup
k→∞
I(ak)
ǫk
≤ 2 infW∈G λ˜κ
a∗
≤ 2λκ
a∗
. (3.20)
From (3.16)-(3.17) and (3.19)-(3.20) we conclude that, for 0 < p ≤ 1,
lim
k→∞
I(ak)
ǫpk
=
p+ 1
p
· λ
a∗
,
and
λ = inf
W∈G
λ˜κ = λκ, κj = min
i:pi=p
κi = κ
which, together with pj = min{pi : 1 ≤ i ≤ n} = p, implies that xj ∈ Z.
Case 2. If p > 1. Let ǫk := (a
∗ − ak) 12 > 0, we see that ǫk → 0 as k → ∞. We
define w˜k(x) := ǫ
3/2
k uk(ǫkx) be L
2–normalized of uk. It follows from Lemma 11
that
0 < K1 ≤
∫∫
R3×R3
|w˜k(x)|2 |w˜k(y)|2
|x− y| dxdy ≤ K2. (3.21)
We claim that there exist a sequence {yk} ⊂ R3 and positive constant R0 such
that
lim inf
k→∞
∫
B(yk,R0)
|w˜k(x)|2 dx > 0. (3.22)
On the contrary, we assume that for any R there exists a subsequence of {ak}, still
denoted by {ak}, such that
lim
k→∞
sup
y∈R3
∫
B(y,R)
|w˜k(x)|2 dx = 0. (3.23)
It follows from [11, Lemma 9] that limk→∞ ‖w˜k‖Lr = 0 for any 2 ≤ r < 3. By the
Hardy-Littlewood-Sobolev inequality we have∫∫
R3×R3
|w˜k(x)|2 |w˜k(y)|2
|x− y| dxdy → 0
as k → ∞, which contradicts to (3.21). Thus (3.23) does not occurs, and hence
(3.22) holds true.
Let wk be non-negative L
2-normalize of uk, defined by
wk(x) = w˜k(x+ yk) = ǫ
3/2
k uk(ǫkx+ ǫkyk).
It follows from (2.1) and Lemma 10 that there exists positive constant C such that
‖(−∆)1/4wk‖2L2 ≤ C.
Thus wk is bounded in H
1/2(R3), and hence we may assume that wk ⇀ w weakly
in H1/2(R3) and wk → w pointwise almost everywhere. Extracting a subsequence
if necessary, we have wk → w strongly in Lrloc(R3) for 2 ≤ r < 3.
We recall the Lagrange multiplier µk in (3.1). It follows from Lemma 10 and 11
that ǫkµk is bounded uniformly as k →∞, and strictly negative for ak close to a∗.
By passing to a subsequence if necessary, we can thus assume that ǫkµk converges
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to some number −λ < 0 as k →∞. Thus, we deduce from Lemma 9 that wk → w
strongly in H1/2(R3) where either w ≡ 0 or w > 0 in R3. In the latter case we have
w(x) = λ3/2Q(λx)
where Q ∈ G. We infer from (3.22) and the convergence of wk in L2loc(R3) that∫
B(0,R0)
|w(x)|2 dx = lim
k→∞
∫
B(0,R0)
|wk(x)|2 dx = lim
k→∞
∫
B(yk,R0)
|w˜k(x)|2 dx > 0.
This implies that w 6≡ 0, and hence Q 6≡ 0.
Now we compute the exact value of λ. Since uk = ǫ
−3/2
k wk(ǫ
−1
k x − yk) is a
minimizer of I(ak) we have
I(ak) ≥ m2ǫk‖((−∆+m2ǫ2k)1/2 + (−∆)1/2)−1/2wk‖2L2
+
ǫk
2
∫∫
R3×R3
|wk(x)|2|wk(y)|2
|x− y| dxdy. (3.24)
By Fatou’s Lemma, we have
lim inf
k→∞
‖((−∆+m2ǫ2k)1/2 + (−∆)1/2)−1/2wk‖2L2
≥ 1
2
‖(−∆)−1/4wk‖2L2 =
1
2λ
‖(−∆)−1/4Q‖2L2. (3.25)
By the Hardy-Littlewood-Sobolev inequality, we have
lim
k→∞
∫∫
R3×R3
|wk(x)|2|wk(y)|2
|x− y| dxdy =
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy
= λ
∫∫
R3×R3
|Q(x)|2 |Q(y)|2
|x− y| dxdy =
2λ
a∗
. (3.26)
It follows from (3.12), (3.13) and (3.14) that
lim inf
k→∞
I(ak)
ǫk
≥ λ
a∗
+
m2
2λ
‖(−∆)−1/4Q‖2L2.
Thus
lim inf
k→∞
I(ak)
ǫk
≥ inf
λ˜>0
(
λ˜
a∗
+
m2
2λ˜
‖(−∆)−1/4Q‖2L2
)
= m
√
2
a∗
‖(−∆)−1/4Q‖L2.
(3.27)
Now we prove the matching upper bound in (3.27), we take a trial state of the
form (3.18) for Eak , and minimizes over 1 ≤ i ≤ n such that pi = p, κi = κ. Since
p > 1, we obtain that
lim sup
k→∞
I(ak)
ǫk
≤ λ˜
a∗
+
m2
2λ˜
‖(−∆)−1/4W‖2L2.
Thus, taking the infimum over W ∈ G and λ˜ > 0 we see that
lim sup
k→∞
I(ak)
ǫk
≤ m
√
2
a∗
inf
W∈G
‖(−∆)−1/4W‖L2 = m
√
2
a∗
‖(−∆)−1/4Q‖L2. (3.28)
From (3.27)-(3.28) we conclude that
lim
k→∞
I(ak)
ǫk
= 2
λ
a∗
,
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and
λ = m
√
a∗
2
‖(−∆)−1/4Q‖L2 = m
√
a∗
2
inf
W∈G
‖(−∆)−1/4W‖L2
We note that, in any case, the limit of I(ak)/ǫ
q
k, where q = min{p, 1}, is inde-
pendent of the subsequence {ak}. Therefore, we have the convergence of the whole
family in (1.12).
3.2. Proof of Theorem 3. Let p > 0, and we define q = min{p, 1}.
First, we claim that there exist postitive constants M1 < M2 independent of
{ak} such that
M1(a
∗ − ak) ≤ I(ak) ≤M2(a∗ − ak)
q
q+1 . (3.29)
Indeed, by using the trial state of the form (2.2), the proof of upper bound in (3.29)
follows from the proof of upper bound in (3.5). The lower bound in (3.29) follows
from (1.3) and the fact that ‖uk‖2L2 = 1,
I(ak) = Eak(uk) ≥
(
1− ak
a∗
)
‖(−∆+m2)1/4uk‖2L2 ≥ m
a∗ − ak
a∗
.
Now we use the estimates of I(ak) in (3.29) to prove that there exists positive
constant K independent of ak such that, as k →∞, we have∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≥ K. (3.30)
Indeed, for any b such that 0 < b < ak with b = ak − (a∗ − ak)ǫ with ǫ < qq+1 , we
have
I(b) ≤ Eb(uk) = I(ak) + ak − b
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy.
We deduce from the above inequality and the estimates of I(ak) in (3.29) that there
exist two positive constants M1 < M2 such that for any 0 < b < ak < a
∗,
1
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≥
I(b)− I(ak)
ak − b ≥
M1 (a
∗ − b)−M2 (a∗ − ak)
q
q+1
ak − b
= M1 +M1(a
∗ − ak)1−ǫ −M2(a∗ − ak)
q
q+1−ǫ.
Since ǫ < qq+1 and M2 > M1 > 0, we haveM1(a
∗−ak)1−ǫ−M2(a∗−ak)
q
q+1−ǫ → 0
as k→∞. Hence (3.30) holds true.
Lemma 12. We define ǫ−1k := ‖(−∆)1/4uk‖2L2 . Then the following statements hold
true
(i) ǫk → 0 as k →∞.
(ii) There exist a sequence {yk} ⊂ R3 and a postitive constant R1 such that the
sequence wk(x) = ǫ
3/2
k uk (ǫkx+ ǫkyk), satisfies
lim inf
k→∞
∫
B(0,R1)
|wk(x)|2 dx > 0. (3.31)
(iii) We write ǫkyk = zk + xk for zk ∈ Z3 and xk ∈ [0, 1]3. Then there exists
a subsequence of {ak}, still denoted by {ak}, such that xk → x0 where
x0 ∈ R3 being a minimum point of V , i.e. V (x0) = 0.
Futhermore, we have wk(x) → Q(x) strongly in H1/2(R3) as k → ∞, where
Q ∈ G.
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Proof. (i) On the contrary we assume that there exists a subsequence {ak}, still
denoted by {ak}, such that {uk} is uniformly bounded in H1/2(R3). Thus, there
exists u ∈ H1/2(R3) such that uk ⇀ u weakly in H1/2(R3) and uk → u a.e. in
R
3. Extracting a subsequence if necessary, we have uk → u strong in Lrloc(R3) for
2 ≤ r < 3. We claim that there exists sequence {yk} ⊂ R3 and positive constant
R0 such that
lim inf
k→∞
∫
B(yk,R0)
|uk(x)|2 dx > 0. (3.32)
On the contrary, we assume that for any R > 0 there exists a sequence of {ak},
still denoted by {ak}, such that
lim
k→∞
sup
y∈R3
∫
B(y,R)
|uk(x)|2 dx = 0.
It follows from [11, Lemma 9] that limk→∞ ‖uk‖Lq → 0 for 2 ≤ q < 3. By the
Hardy-Littlewood-Sobolev inequality we have
lim
k→∞
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy = 0.
This contradicts (3.30). Hence (3.32) holds true.
From (3.32) and using the same arguments of the proof of Theorem 1 (iii) in
Section 2.2 (with a replaced by ak and using limk→∞ I(ak) = I(a
∗)), we also arrive
at a contradiction to Theorem 1 (ii). Hence, we conclude that ǫk → 0 as k →∞.
(ii) We define w˜k(x) := ǫ
3/2
k uk (ǫkx) be L
2–normalized of uk. From (1.3) we have
0 ≤ ‖(−∆)1/4uk‖2L2 −
ak
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≤ Eak(uk) = I(ak).
Thus, we deduce from the upper bound of I(ak) in (3.29) that∫∫
R3×R3
|w˜k(x)|2 |w˜k(y)|2
|x− y| dxdy = ǫk
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy →
2
a∗
(3.33)
as k→∞.
By the same arguments of proof of (3.32) (in replacing contradiction (3.30) by
(3.33)), we can prove that there exists sequence {yk} ⊂ R3 and positive constant
R1 such that
lim inf
k→∞
∫
B(yk,R1)
|w˜k(x)|2 dx > 0. (3.34)
Therefore, (3.31) follows from (3.34) and definition of wk and w˜k.
(iii) On the contrary, we assume that V (x0) > 0. We know V is continuous
periodic function. Thus, we deduce from (3.31) and Fatou’s lemma that
lim
k→∞
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx ≥ V (x0) lim
k→∞
∫
R3
|wk(x)|2 dx > 0
which is impossible since
0 ≤
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx =
∫
R3
V (x) |uk(x)|2 dx ≤ I(ak),
and I(ak)→ 0 as k→∞, thanks to the upper bound of I(ak) in (3.29).
Thus xk → x0 as k →∞ where x0 ∈ R3 such that V (x0) = 0.
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Finally, we recall the Lagrange multiplier µk in (3.1). It follows from (3.33) and
the upper bound of I(ak) in (3.29) that ǫkµk → −1 as k → ∞. Note that, by
definition of wk and ǫk we have
‖(−∆)1/4wk‖2L2 = ǫk‖(−∆)1/4uk‖2L2 = 1,
which implies that wk is bounded in H
1/2(R3). Hence, we deduce from Lemma 9
that wk → w strongly in H1/2(R3), where either w ≡ 0 or w > 0 in R3. Extracting
a subsequence if necessary, we have wk → w strong in Lrloc(R3) for 2 ≤ r < 3. Thus
it follows from (3.31) that∫
B(0,R0)
|w(x)|2 dx = lim
k→∞
∫
B(0,R0)
|wk(x)|2 dx > 0.
This implies that w 6≡ 0, and hence w > 0. Hence, up to translations, we have
w(x) = Q(x) where Q ∈ G. 
Lemma 13. For any 0 < p ≤ 1, there exists a constant C0 > 0 independent of
{ak} such that
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx ≥ C0. (3.35)
Proof. We first show that xk−x0ǫk is uniformly bounded as k →∞. On contrary, we
assume that there exists a subsequence of {ak}, still denoted by {ak}, such that∣∣∣xk−x0ǫk ∣∣∣→∞ as k →∞. By Fatou’s Lemma we have, for any 0 < p ≤ 1 and large
constant M > 0,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx ≥
∫
R3
lim
k→∞
1
ǫpk
V (ǫkx+ xk) |wk(x)|2 dx
≥
∫
R3
lim
k→∞
κ
∣∣∣∣x+ xk − x0ǫk
∣∣∣∣p |Q(x)|2 dx ≥M.
From (1.3) and the fact that ǫ
−3/2
k wk(ǫ
−1
k x − yk) = uk(x) is a minimizer of I(ak),
we have
I(ak) =
1
ǫk
(
‖(−∆+m2ǫ2k)1/4wk‖2L2 −
a∗
2
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy
)
+
a∗ − ak
2ǫk
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy +
∫
R3
V (ǫkx+ zk) |wk(x)|2 dx
≥ C1 a
∗ − ak
ǫk
+Mǫpk ≥ C2M
1
p+1 (a∗ − ak)
p
p+1 .
The above lower bound of I(ak) holds true for any 0 < p ≤ 1 and for an arbitrary
large M > 0. This contradicts the upper bound of I(ak) in (3.29). Thus
xk−x0
ǫk
is
uniformly bounded, and hence there exists a constant C3 such that
xk−x0
ǫk
→ C3 as
k →∞. Hence, by Fatou’s Lemma we obtain, for 0 < p ≤ 1,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx ≥
∫
R3
lim
k→∞
1
ǫpk
V (ǫkx+ xk) |wk(x)|2 dx
≥
∫
R3
lim
k→∞
κ
∣∣∣∣x+ xk − x0ǫk
∣∣∣∣p |Q(x)|2 dx ≥ ∫
R3
κ |x+ C3|p |Q(x)|2 dx = C0,
for some constant C0 > 0 independent of ak. 
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Now we are able to improve the lower bound of I(ak) in (3.29).
Lemma 14. There exist positive constants M1 < M2 independent of ak such that
M1(a
∗ − ak)
q
q+1 ≤ I(ak) ≤M2(a∗ − ak)
q
q+1 . (3.36)
Proof. By (3.29), we only need to prove the lower bound in (3.36). Since I(ak) is
decreasing and uniformly bounded for 0 ≤ ak ≤ a∗, it suffices to consider the case
when ak is close to a
∗. As usual, the proof is divided into two case.
• If 0 < p ≤ 1, then q = p. By the same argument of the proof of (3.35) we
have
I(ak) ≥ C1 a
∗ − ak
ǫk
+ C0ǫ
p
k ≥ C2C
1
p+1
0 (a
∗ − ak)
p
p+1 = M1 (a
∗ − ak)
p
p+1 .
• If p > 1, then q = 1. By the same arguments of proof of lower bound in
(3.5), we arrive at the lower bound in (3.36).

By Lemma 14 and using a similar procedures as the proof of Lemma 11, we
obtain the following estimates for minimizers of I(ak).
Lemma 15. There exist positive constants K1 < K2 independent of ak such that
K1(a
∗ − ak)−
1
q+1 ≤
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy ≤ K2(a
∗ − ak)−
1
q+1 .
Now let ǫk := (a
∗ − ak)
1
q+1 > 0, we see that ǫk → 0 as k → ∞. We define
w˜k(x) := ǫ
3/2
k uk(ǫkx) be L
2–normalized of uk. It follows from Lemma 15 that
0 < K1 ≤
∫∫
R3×R3
|w˜k(x)|2 |w˜k(y)|2
|x− y| dxdy ≤ K2. (3.37)
By the same arguments of proof of Lemma 12 (ii), we can prove (in replacing
contradiction (3.33) by (3.37)) that there exist sequence {yk} ⊂ R3 and positive
constant R1 such that
lim inf
k→∞
∫
B(yk,R1)
|w˜k(x)|2 dx > 0. (3.38)
Moreover, we can write ǫkyk = zk + xk such that zk ∈ Z3 and xk ∈ [0, 1]3.
By the same arguments of proof of Lemma 13, we can prove that there exists a
constant C0 such that
xk−x0
ǫk
→ C0 as k → ∞. Thus, by Fatou’s Lemma we have,
for 0 < p ≤ 1,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ ǫkyk) |wk(x)|2 dx ≥
∫
R3
lim
k→∞
κ
∣∣∣∣x+ xk − x0ǫk
∣∣∣∣p |wk(x)|2 dx
=
∫
R3
κ |x+ C0|p |w(x)|2 dx = κ
λp
∫
R3
|x+ C0λ|p |Q(x)|2 dx
≥ κ
λp
∫
R3
|x|p |Q(x)|2 dx,
since Q ∈ G is a radial decreasing function.
By the same arguments of proof of Theorem 2 we can prove that the following
strongly convergences hold true in H1/2(R3).
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• If 0 < p ≤ 1, then
lim
k→∞
(a∗ − ak)
3
2(p+1) uak
(
x0 + zk + x (a
∗ − ak)
1
p+1
)
= λ
3
2Q (λx)
• If p > 1, then there exists a sequence {xk} ⊂ [0, 1]3 such that
lim
k→∞
(a∗ − ak)
3
4 uak
(
xk + zk + x (a
∗ − ak)
1
2
)
= λ
3
2Q (λx)
where λ is determined similarly as in Theorem 2.
3.3. Proof of Theorem 4. Let p > 0, and we define q = min{p, 1}.
First, it follows from the fact that ||x| − 1| ≤ |x− 1| and the same argument of
the proof of upper bound in (3.5), that there exists a constant M2 > 0 such that
I(ak) ≤M2(a∗ − ak)
q
q+1 . (3.39)
From (1.3) we have
0 ≤ ‖(−∆)1/4uk‖2L2 −
ak
2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≤ I(ak).
Thus, we deduce from the upper bound of I(ak) in (3.39) that
lim
k→∞
‖(−∆)1/4uk‖−2L2
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy =
2
a∗
. (3.40)
Lemma 16. We define ǫ−1k := ‖(−∆)1/4uk‖2L2 . Then the following statements hold
true
(i) ǫk → 0 as k →∞.
(ii) There exist a sequence {yk} ⊂ R3 and a postitive constant R2 such that the
sequence wk(x) = ǫ
3/2
k uk (ǫkx+ ǫkyk) satisfies
lim inf
k→∞
∫
B(0,R2)
|wk(x)|2 dx > 0. (3.41)
(iii) Let xk := ǫkyk, then the sequence {xk} is bounded uniformly for k → ∞.
Moreover xk → x0 as k →∞, for some x0 ∈ R3 such that |x0| = 1.
Futhermore, we have wk(x) → Q(x) strongly in H1/2(R3) as k → ∞, where
Q ∈ G.
Proof. (i) On the contrary, we assume that there exists subsequence of {ak}, still
denoted by {ak}, such that {uk} is bounded in H1/2(R3). We infer from Lemma 5
that there exist u ∈ H1/2(R3) such that uk ⇀ u weakly in H1/2(R3) and uk → u
strongly in Lr(R3) for 2 ≤ r < 3. By the Hardy-Littlewood-Sobolev inequality we
have
lim
k→∞
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy =
∫∫
R3×R3
|u(x)|2|u(y)|2
|x− y| dxdy.
Consequently, we have
0 = I(a∗) ≤ Ea∗ (u) ≤ lim
k→∞
Eak (uk) = lim
k→∞
I(ak) = 0.
This indicates that u is a minimizer of I(a∗), which contradicts to Theorem 1 (ii).
Thus the claim (i) holds true.
(ii) The proof of (3.41) follows from the same arguments of proof of (3.31) in
Lemma 12 (ii).
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(iii) On contrary, we suppose {xk} is unbounded as k →∞. Then there exists a
subsequence of {ak}, still denoted by {ak}, such that |xk| → ∞ as k → ∞. Since
V (x) → ∞ as |x| → ∞, we derive from (3.41) and Fatou’s Lemma that for any
C > 0,
lim
k→∞
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx ≥ C > 0
which is impossible since
0 ≤
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx =
∫
R3
V (x) |uk(x)|2 dx ≤ I(ak)
and I(ak)→ 0 as k→∞, thanks to the uppper bound of I(ak) in (3.39).
Thus {xk} is bounded uniformly for k → ∞. Therefore, for any sequence {ak}
there exists a subsequence of {ak}, still denoted by {ak}, such that xk → x0 as
k → ∞ for some point x0 ∈ R3. We claim that |x0| = 1. Otherwise, if |x0| 6= 1
then V (x0) > 0. We deduce from (3.41) and Fatou’s Lemma that
lim
k→∞
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx ≥ V (x0) lim
k→∞
∫
R3
|wk(x)|2 dx > 0
which is clearly impossible as we have seen before. Thus |x0| = 1.
Finally, by the same arguments of proof in Lemma 12, we can show that wk → Q
strongly in H1/2(R3) where Q ∈ G. 
Lemma 17. For any 0 < p ≤ 1, there exists a constant C0 > 0 independent of
{ak} such that
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx ≥ C0. (3.42)
Proof. We first show that |xk|−1ǫk is uniformly bounded as k →∞. On contrary, we
assume that there exists a subsequence of {ak}, still denoted by {ak}, such that∣∣∣ |xk|−1ǫk ∣∣∣→∞ as k →∞. By Fatou’s Lemma we have, for any 0 < p ≤ 1 and large
constant C > 0,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx ≥
∫
R3
lim
k→∞
1
ǫpk
||ǫkx+ xk| − 1|p |wk(x)|2 dx
=
∫
R3
lim
k→∞
∣∣∣∣∣∣∣∣x+ xkǫk
∣∣∣∣ − 1ǫk
∣∣∣∣p |Q(x)|2 dx ≥ C.
From (1.3) and the fact that ǫ
−3/2
k wk(ǫ
−1
k x − yk) = uk(x) is a minimizer of I(ak),
we have
I(ak) =
1
ǫk
(
‖(−∆+m2ǫ2k)1/4wk‖2L2 −
a∗
2
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy
)
+
a∗ − ak
2ǫk
∫∫
R3×R3
|wk(x)|2 |wk(y)|2
|x− y| dxdy +
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx
≥ C1 a
∗ − ak
ǫk
+ Cǫpk ≥ C2C
1
p+1 (a∗ − ak)
p
p+1 .
Since the above lower bound of I(ak) holds true for any 0 < p ≤ 1 and for an
arbitrary large C > 0, the above estimates contradicts the upper bound of I(ak)
in (3.39). Thus |xk|−1ǫk is uniformly bounded, and hence there exists a constant C3
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such that |xk|−1ǫk → C3 as k → ∞. Thus, by Fatou’s Lemma again we obtain, for
any 0 < p ≤ 1,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx
≥
∫
R3
lim
k→∞
∣∣∣∣ |ǫkx+ xk| − 1ǫk + |xk| − 1ǫk
∣∣∣∣p |wk(x)|2 dx
=
∫
R3
|x0 · x+ C3|p |Q(x)|2 dx = C0,
for some constant C0 > 0 independent of ak. 
We are now able to establish the lower bound of I(ak) in (3.39).
Lemma 18. There exist positive constants M1 < M2 independent of ak such that
M1(a
∗ − ak)
q
q+1 ≤ I(ak) ≤M2(a∗ − ak)
q
q+1 . (3.43)
Proof. By (3.39), we only need to prove the lower bound in (3.43). Since I(ak) is
decreasing and uniformly bounded for 0 ≤ ak ≤ a∗, it suffices to consider the case
when ak is close to a
∗. As usual, the proof is divided into two case.
• If 0 < p ≤ 1, then q = p. By the same argument of the proof of (3.42) we
have
I(ak) ≥ C1 a
∗ − ak
ǫk
+ C0ǫ
p
k ≥ C2C
1
p+1
0 (a
∗ − ak)
p
p+1 = M1 (a
∗ − ak)
p
p+1 .
• If p > 1, then q = 1. By the same arguments of proof of lower bound in
(3.5), we arrive at the lower bound in (3.43).

By Lemma 18 and using a similar procedures as the proof of Lemma 4 in [18],
we obtain the following estimates for minimizers of I(ak).
Lemma 19. There exist positive constants K1 < K2 independent of ak such that
K1(a
∗ − ak)−
1
q+1 ≤
∫∫
R3×R3
|uk(x)|2 |uk(y)|2
|x− y| dxdy ≤ K2(a
∗ − ak)−
1
q+1 .
Now let ǫk := (a
∗ − ak)
1
q+1 > 0, we see that ǫk → 0 as k → ∞. We define
w˜k(x) := ǫ
3/2
k uk(ǫkx) be L
2–normalized of uk. It follows from Lemma 19 that
0 < K1 ≤
∫∫
R3×R3
|w˜k(x)|2 |w˜k(y)|2
|x− y| dxdy ≤ K2. (3.44)
By the same arguments of proof of Lemma 12 (ii), we can prove (in replacing
contradiction (3.33) by (3.44)) that there exist sequence {yk} ⊂ R3 and positive
constant R2 such that
lim inf
k→∞
∫
B(yk,R2)
|w˜k(x)|2 dx > 0, (3.45)
By the same arguments of proof of Lemma 17, we can prove that there exists a
constant C0 such that
|xk|−1
ǫk
→ C0 as k → ∞. Thus, by Fatou’s Lemma we have,
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for 0 < p ≤ 1,
lim
k→∞
1
ǫpk
∫
R3
V (ǫkx+ xk) |wk(x)|2 dx
≥
∫
R3
lim
k→∞
∣∣∣∣ |xǫk + xk| − |xk|ǫk + |xk| − 1ǫk
∣∣∣∣p |wk(x)|2 dx
=
∫
R3
|x0 · x+ C0|p |w(x)|2 dx = 1
λp
∫
R3
|x0 · x+ C0λ|p |Q(x)|2 dx
≥ 1
λp
∫
R3
|x0 · x|p |Q(x)|2 dx,
since Q ∈ G is a radial decreasing function.
By the same arguments of proof of Theorem 2 we can prove that
lim
k→∞
(a∗ − ak)
3
2(q+1) uak
(
xk + x (a
∗ − ak)
1
q+1
)
= λ
3
2Q(λx)
strongly in H1/2(R3), where λ is determined as in Theorem 4.
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